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To a regular hypergraph we attach an operator, called its adjacency matrix, and
study the second largest eigenvalue as well as the overall distribution of the spec-
trum of this operator. Our definition and results extend naturally what is known for
graphs, including the analogous threshold bound 2 - k&1 for k-regular graphs. As
an application of our results, we obtain asymptotic behavior, as N tends to infinity,
of the dimension of the space generated by classical cusp forms of weight 2 level N
and trivial character which are eigenfunctions of a fixed Hecke operator Tp with
integral eigenvalues.  1996 Academic Press, Inc.
1. INTRODUCTION
A hypergraph G consists of a set V(G) of hypervertices and a set E(G )
of hyperedges such that each hyperedge is a nonempty set of certain hyper-
vertices and the union of hyperedges is V(G ) (cf. [B] for more properties
of hypergraphs). Here hypervertices are all distinct, but hyperedges may
repeat and hypervertices contained in a hyperedge may repeat. A hyper-
vertex c in V(G ) is incident to a hyperedge e in E(G) if and only if v is an
element of e. The incidence matrix of a hypergraph G defines a bipartite
graph B with the two vertex sets being V(G ) and E(G ), called the bigraph
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associated to G. It may have multiple edges representing the multiplicity of
a hypervertex contained in a hyperedge. To a hypergraph G we associate
an adjacency matrix A=A(G) whose rows and columns are parametrized
by the hypervertices of G, and the vv$-entry of A(G ) is the number of
(directed) paths in B from v to v$ of length 2 and no backtracking. Note
that in the case that every hyperedge of G is incident to two hypervertices,
then G may be identified as an ordinary graph (possibly with multiple
edges and loops), and A(G ) is the adjacency matrix attached to the graph
G. From this point of view, our definition of adjacency matrix is a natural
generalization.
For a regular graph G, the eigenvalues of A(G ) are well-studied; in par-
ticular, the second largest eigenvalue *2(G ) is intimately related to many
quantities of the graph, such as diameter [C1], magnifying constant [Ta],
[AM], and chromatic number [LPS], etc. Roughly speaking, the smaller
*2(G ) is, the closer G is to being a random graph, and the more expanding
it is. Thus regular graphs with small nontrivial eigenvalues, called Ramanu-
jan graphs, can be used as good expanders and superconcentrators in com-
munication networks (cf. [A], [AM], [M1], [Sa]). There are several
number-theoretic methods to explicitly construct Ramanujan graphs which
already appeared in the literature, such as [M2], [LPS], [Me], [Cu],
[C1], [L1], [ACPTTV], and [CPTTV].
A hypergraph G is said to be (d, r)-regular if every hypervertex is inci-
dent to d hyperedges, and every hyperedge is incident to r hypervertices,
counting multiplicity. Typical examples of regular hypergraphs are designs.
More precisely, given a (t, k, n)-design on an n-element set S, we associate
a hypergraph whose hypervertices are the t-element subsets of S and whose
hyperedges are parametrized by the blocks of this design (i.e., certain k-ele-
ment subsets of S ) so that each hyperedge is the set of all t-element subsets
of a block. In this paper we shall be concerned with regular hypergraphs.
They have important ties to computational complexity [FW], and explicit
constructions of regular hypergraphs close to random ones are highly
desirable. But unlike regular graphs, regular hypergraphs are much less
understood. A fundamental question there is to find a suitable operator
attached to a regular hypergraph so that its spectrum provides important
information about the hypergraph, as in the case of graphs. Friedman and
Wigderson [FW], [F2], and Chung [C2] each proposed an operator
attached to a regular and uniform unigraph and obtained some estimates
of the eigenvalues of the operator in question. However, they failed to show
the threshold bound for their operators, namely, the bound analogous to
the 2 - k&1 bound for k-regular ordinary graphs. In this paper we
propose another operator A(G ) as defined above and study the growth of
its second largest eigenvalue *2(G ) and the distribution of the eigenvalues
of A(G) (or of G for brevity) attached to a regular hypergraph G. Our
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results are natural extensions of known results for graphs, including the
threshold bound, which measures randomness.
Suppose that G is a (d, r)-regular hypergraph. Then A(G) is a real
|V(G )|_|V(G )| symmetric matrix with the sum of entries in each row and
each column equal to k=d(r&1), hence it has |V(G )| real eigenvalues and
they satisfy
k=*1*2 } } } * |V (G )&k
by the maximal modulus principle. The matrix A(G ), being symmetric, may
also be regarded as the adjacency matrix of an ordinary graph G$, called
the associated graph of G. Note that G$ is nothing but the partite half of
the associated bigraph B with vertex set V(G ). Our idea, simply put, is to
get information about regular hypergraphs from a special kind of regular
graphs arising from regular bigraphs. Say G is connected if G$ is, and call
the diameter of G$ the diameter of G. The first estimate is a lower bound
of *2(G )=*2(G$) in terms of the diameter of G, which generalizes Nilli’s
result [N] for the case of graphs. Friedman in [F3] also gave a lower
bound of *2(G ) for a usual graph G in terms of its diameter. Put
k=d(r&1) and q=(d&1)(r&1)=k&(r&1).
Theorem 1. Suppose that G bis a (d, r)-regular hypergraph. If the
diameter of G is 2l+24, then
*2(G )>r&2+2 - q&
2 - q&1
l
.
Write D for the diameter of G. Then
|V(G )|1+k+k } q+ } } } +k } qD&1<1+k+ } } } +kD,
which implies
D
log |V(G )
log k
&O(1).
Hence the diameter of G tends to infinity as |V(G )| approaches infinity. An
immediate consequence of Theorem 1 is
Corollary 1. Let [Gm] be a family of connected (d, r)-regular hyper-
graphs with |V(Gm)|   as m  . Then
lim inf *2(Gm)r&2+2 - q as m  .
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In the case r=2, this is the well-known Alon-Boppana theorem proved
in [LPS]. Also contained in this article is an explicitly constructed family
of ( p+1)-regular graphs (for p prime) for which the equality in the above
formula holds. The same is true when d&1 is a prime power. N. Alon con-
jectured that the equality should hold for all d, while Friedman in [F1]
gave an upper bound for lim inf *2 for the case of even d. Little is known
for hypergraphs.
In lieu of Theorem 1, the following stronger result will be proved.
Theorem 2. Let G be a k-regular graph. Suppose that there is a constant
g such that for any pair of adjacent vertices in G, there are at least g vertices
of G adjacent to both vertices. If the diameter of G is 2l+24, then
*2(G )>g+2 - q&
2 - q&1
l
,
where q=k&g&1.
Corollary 1 has a refinement below, which implies that, not only the
second, but the i th eigenvalue of Gm has lim infr&2+2 - q as m  .
Theorem 3. Given =>0, there exists a positive constant c, depending
only on =, r and d, such that for every (d, r)-regular hypergraph G, the
number of eigenvalues * of G with *r&2+(2&=) - q is at least c |V(G )|.
This theorem for the case r=2 was proved by Serre [S1]; it is also con-
tained in the paper by Lubotzky, Phillips and Sarnak [LPS]. Our proof
in Section4 is based on Serre’s method.
To a (d, r)-regular hypergraph G, we attach a normalized measure
+G=
1
|V(G )|
:
*
$(*&(r&2))- q ,
where * runs through all eigenvalues of G, and $x is the Dirac measure sup-
ported at the point x. Thus +G is a measure supported within the interval
[M$, M] where M=(k&(r&2))- q and M$=(&k&(r&2))- q, whose
value at a function f on [M$, M] is equal to
+G ( f )=|
M
M$
f (x) +G (x)=
1
|V(G )|
:
*
f \*&(r&2)- q + .
In particular, if f is the characteristic function of the closed interval [a, b],
then +G ( f ) gives the proposition of eigenvalues (with multiplicity) of G
falling in [a, b].
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By a primitive cycle in G we mean a cycle in its associated bigraph B
starting at a vertex in V(G ) containing no backtracking and no proper
cycles starting at vertices in V(G ). Denote by cl (G ) the number of
primitive cycles in G of length 2l in B.
Theorem 4. Let [Gm] be a family of connected (d, r)-regular hyper-
graphs with |V(Gm)|   as m  . Assume
For each integer l1, cl (Gm)|V(Gm)|  0 as m  . (V)
Then the sequence of measures [+Gm ] converges weakly to the measure
+={
& if dr,
r&d
r
$(&d&(r&2))- q+& if d<r,
where & is the measure supported on [&2, 2] given by
&=
1+
r&1
q
\1+1q&
x
- q+\1+
(r&1)2
q
+
r&1
- q
x+
}
1
? 1&
x2
4
dx
with dx being the Lebesgue measure on R.
The theorem above gives an overall asymptotic distribution of eigen-
values of Gm for m large. Note that when d<r, the discrete part of + is
supported at a point less than &2; Proposition 3 in Section5 explains how
it arises. Theorem 4 for the case r=2 was proved by McKay [Mc], in
which the case d<r=2 does not appear. Our proof given in Section5,
when reduced to the case r=2, simplifies McKay’s argument.
As a consequence of Theorem 4, the limit measure of any real number :,
except for :#&d when d<r, is zero. This is restated in
Corollary 2. Let [Gm] be as in Theorem 4 satisfying (V).
(i) If dr, then for each real number :, the multiplicity of : as an
eigenvalue of Gm is o( |V(Gm)| ) as m  .
(ii) If d<r, the same is true except for :=&d.
Although the results so far are stated in terms of regular hypergraphs,
they may also be regarded as refinements on known results for ordinary
regular graphs with additional uniform structures.
A (d, r)-regular hypergraph G has a dual hypergraph G* (cf. [B]),
which is (r, d )-regular and which has the same associated bigraph B as G.
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The inter-relationship among the eigenvalues of G, G* and B is explained
in [LS]. Define the firth of a regular hypergraph to be half of the girth of
its associated bigraph (which is even). The (V) condition above is trivially
satisfied if the girth of Gm tends to infinity as m approaches infinity. Hence
the measure + can be regarded as the measure attached to the ‘‘universal
cover’’ of (d, r)-regular hypergraphs. In [LS], the distribution of eigen-
values of a regular hypergraph with a given girth is studied.
As an application of Theorem 4, we shall construct a family of ( p+1)-
regular graphs from definite quaternion algebras over Q which satisfy the
condition (V). Then from the limit measure of the measures attached to
these graphs, we derive, using Jacquet-Langlands correspondence [JL]
and [GJ], an asymptotic estimate of the dimension of classical weight 2
cusp forms which are eigenfunctions of the Hecke operator Tp with a fixed
eigenvalue. More precisely, we show in Section6 the following
Theorem 5. Fix a prime p. For a positive integer N prime to p, denote
by C$(10(N), 2) the space generated by cusp forms of weight 2 for 10(N )
which are eigenfunctions of the Hecke operator Tp with integer eigenvalues.
(i) (Serre) Let [li ] be a sequence of primes different from p such that
li   as i  . Then for i large, we have
dim C$(10(li ), 2)=o(li ).
(ii) Let [Mi ] be a sequence of positive integers prime to p such that
Mi=liNi with li a prime not dividing Ni and li   as i  . Then for i
large, we have
dim C$(10(Mi ), 2)=o(Mi )
if the M$i s have a bounded number of prime factors; otherwise we have
dim C$(10(Mi ), 2)=o(Mi ln ln Mi ).
Note that in (ii) we may choose Mi to be square free and li to be the
largest prime factor of Mi . Then as Mi  , so does li .
The problem of estimating dim C$(10(N ), 2), or more generally,
dim C$(10(N), k) can also be done using the trace formula of the Hecke
operator Tp on C(10(N ), k). This will appear in a paper by Serre. Our
proof of Theorem 5 given in Section 6 follows Serre’s approach in [S1].
This paper is organized as follows. In Section 2 we prove Theorem 2.
General properties of the measure +G are discussed in Section 3, which
lay the ground work for the proof of Theorems 3 and 4 in Section 4 and
Section 5, respectively. Some applications of Theorem 4 are explained in
Section 6, including the proof of Theorem 5.
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2. A PROOF OF THEOREM 2
If G is not connected, then *2(G )=k and the theorem trivially holds.
Thus we assume that G is connected. Regard A as a linear operator on the
space F(G ) of real-valued functions on (vertices of) G which sends f to Af
given by
(Af )(x)=:
y
f ( y ),
where y runs through all vertices in G adjacent to x. Let 2 be the Laplace
operator kI&A on F(G). There is a natural inner product ( , ) on F(G ):
( f1 , f2) = :
x # V(G )
f1(x) f2(x).
F(G ) has an orthogonal basis which are eigenfunctions of 2. Clearly, the
constant function f0#1 is an eigenfunction with eigenvalues 0, and other
eigenvalues of 2 are positive with eigenfunctions parpendicular to the
constant function f0 . The second smallest eigenvalue : of 2 is k&*2(G ),
which is also equal to
:= min
( f, f 0)=0
f{0, f # F (G )
(2f, f )( f, f ).
We shall obtain an upper bound of : from a special choice of f.
By assumption, the diameter of G is 2l+24, hence there are two
vertices u and v in G with dist(u, v)2l+2. For i0 define
Ui=[x # V(G ): dist(x, u)=i], and
Vi=[x # V(G ): dist(x, v)=i].
Then U0 , ..., Ul , V0 , ..., Vl are disjoint, and no vertex in U= li=0 Ui is
adjancent to any vertex in V= li=0 Vi . Define a function f on G by
a if x # U0 _ U1 ,
aq&(i&1)2 if x # Ui , 2il,
f (x)={&b if x # V0 _ V1 ,&bq&(i&1)2 if x # Vi , 2il,
0 otherwise.
Here a, b are any choice of positive numbers such that ( f, f0) =0.
First we estimate ( f, f ) =x # U f (x)
2+x # V f (x)
2. Clearly, |U0 |=1,
|U1 |=k. For each vertex x # Ui with i1, among its k neighbors, at least
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1 vertex y lies in Ui&1; by assumption, there are g vertices adjacent to both
x and y, hence there are at least g neighbors of x lying in Ui ; hence at most
q=k&g&1 neighbors of x lie in Ui+1. This shows that |Ui+1 |q |Ui | for
i=1, ..., l&1. Hence
A1= :
x # U
f (x)2
=a2 \1+|U1 |+ :
l
i=2
|Ui | q&(i&1)+a2 \1+l |Ul |ql&1+ . (1)
Similarly, B1=x # V f (x)
2b2(1+l ( |Vl |ql&1)).
Next we estimate (2 f, f ) . Observe that
:
[x, y] # E(G )
( f (x)&f ( y))2= :
[x, y] # E(G )
f (x)2&2f (x) f ( y )+f ( y)2
=k :
x # V(G )
f (x)2& :
x # V(G )
f (x) :
[ y, x] # E(G )
y # V(G)
f ( y )
=k ( f, f ) &(Af, f ) =(2f, f ).
Write (2f, f )=A2+B2 , where
A2= :
at least one of x, y # U
[x, y] # E(G )
( f (x)&f ( y))2
and B2 is defined analogously with V replacing U. In view of our definition
of f and the fact that each x # Ui has at most q neighbors in Ui+1 , we have
A2 :
l&1
i=1
|Ui | q(q&(i&12)&q&(i2))2 a2+|Ul | q } q&(l&1)a2
=(- q&1)2 ( |U1 |+|U2 | q&1+ } } } +|Ul&1 | q&(l&2)+|Ul | q&(l&1)) a2
+a2(2 - q&1)|Ul | q&(l&1)
(- q&1)2 (A1&a2)+(2 - q&1) }
A1&a2
l
by (1)
<\1+q&2 - q+2 - q&1l + A1 .
Similar, we get
B2<\1+q&2 - q+2 - q&1l + B1 .
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Therefore
k&*2(G )=:
A2+B2
A1+B1
<1+q&2 - q+
2 - q&1
l
,
which yields
*2(G )>g+2 - q&
2 - q&1
l
,
as desired.
3. THE MEASURE +G
Let G be a d-regular r-hypergraph with adjacency matrix A(G ). As in
Section 1, let k=d(r&1) and q=k&(r&1). The measure +G attached to
G is supported on [M$, M] given by
+G=
1
|V(G )|
:
*
$(*&(r&2))- q ,
where * runs through all eigenvalues of G or G$. A measure on R is deter-
mined by its value on a family of polynomials [Xn(x)] with deg Xn=n.
For convenience, we shall choose Xn(x) as follows: X0(x)=1, X1(x)=x,
and Xi (x) for i2 are defined by the recursive formula Xi+1(x)=
xXi&1(x)&Xi (x). These polynomials are well-known, in fact, Xm(2x) are
the Chebychev polynomials of the second kind. Here we list some proper-
ties of Xm(x) which will be used.
(1) As a formal power series in t, we have
:

m=0
Xm(x) tm=
1
1&xt+t 2
.
(2) Xm(x)=>mj=1 (x&2 cos( j?m+1)).
Hence each Xm has m distinct real roots located in the interval (&2, 2)
and the largest root of Xm(x) approaches 2 as m tends to infinity.
(3) [Xm(x)] is orthonormal with respect to the Sato-Tate measure
\(x) on [&2, 2] defined as
\(x)=
1
? 1&
x2
4
dx.
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That is,
|
2
&2
Xi (x) Xj (x) \(x)=$ij .
Let a=(r&1- q)=(- r&1- d&1). We define a new family of poly-
nomials: Y0(x)=1, and Yi (x)=Xi (x)+aXi&1(x) for i1. In view of the
recursive formula for Xm(x), we get
(4) [Ym(x)]m0 satisfies the formal power series in t:
:

m=0
Ym(x) tm=
1+at
1&xt+t2
.
Further, one can prove inductively
(5) Yi (x) Yj (x)=(Yi+j (x)+Yi+j&2(x)+ } } } )+a(Yi+j&1(x)
+Yi+j&3(x)+ } } } ).
It follows immediately from (2) and the definition of Ym(x) that
(6) deg Ym(x)=m, and Ym(x) has m distinct real roots, with the
largest real root :m located between 2 cos(?m) and 2 cos(?m+1).
Thus :m # (&2, 2) and :m increases to 2 as m tends to infinity.
To express the values +G (Ym), we consider two families of operators on
the space F(G ) of functions on G. For l0, define the operator
Ul=Ul (G ) on F(G ) by sending a function f to Ul f given by
(Ul f )(x)=:
p
f ( y( p)),
where p runs through all (directed) paths in the associated bigraph B
starting at x of length 2l and with no backtracking, and y( p) denotes the
ending vertex of the path p. Then we find U0=I (=identity),
U1=A(G ) :=A, U2=U1(A&(r&2) I )&kI,
and, for i3, Ui=Ui&1(A&(r&2) I )&qUi&2 .
This can be expressed in terms of the formal power series
:

m=0
Umtm=
(1&t)(1+(r&1) t)
1&(A&(r&2)I ) t+qt2
.
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Define another family of operators [Tm]m0 on F(G ) by
(7) :

m=0
Tm tm=
1+(r&1) t
1&(A&(r&2)I ) t+qt2
.
In other words, Tm=Um+Um&1+ } } } +U1+U0 .
Comparing (4) and (7), we get
(8) q&m2Tm=Ym \A&(r&2)I- q + for m0.
As A is diagonalizable and the trace of an operator is invariant by conjuga-
tion, we see from the definition of +G and (8) that
(9) +G (Ym)=
1
|V(G)|
:
*
Ym \*&(r&2)- q +
=
1
|V(G)
q&m2Tr Tm(G ) for m0.
This is the key relation we are searching for. Further, by taking a basis of
F(G$) consisting of the characteristic functions of each vertex, we get
immediately that the operators Um and hence Tm have nonnegative trace.
Combined with (9), this yields
(10) +G (Ym)0 for m0.
4. A PROOF OF THEOREM 3
The strategy is to find a nonnegative linear combination of Ym(x) whose
values are under control. For this purpose, we first show
Proposition 1. Denote by :m the largest real root of Ym(x). Let
Zm(x)=(Ym(x)2x&:m). Then Zm(x)=2m&1j=0 yj Yj (x), where, for
0i<[m2],
y2m&(2i+1)=y2i+1=Y0(:m)+Y2(:m)+ } } } +Y2i (:m)>0,
y2m&(2i+2)=y2i+2=Y1(:m)+Y3(:m)+ } } } +Y2i+1(:m)>0,
and y0=0.
Proof. Clearly Zm(x) is a polynomial of degree 2m&1, hence is a
linear combination of Y0(x), ..., Y2m&1(x) with coefficients y0 , ..., y2m&1 ,
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respectively. The question is to show that y$i s are as expressed above.
We have
Ym(x)2=(x&:m) Zm(x)=(x&:m) :
2m&1
j=0
yjYj (x)
=y0(xY0(x)&:m)+ :
2m&1
j=1
yj (xYj (x)&:mYj (x))
=y0(Y1(x)&a&:m)+ :
2m&1
j=1
yj (Yj+1(x)+Yj&1(x)&:mYj (x))
since xYj (x)=Yj+1(x)+Yj&1(x) for j1, while the left hand side is equal to
Y 2m(x)=(Y2m(x)+Y2m&2(x)+ } } } +Y2(x)+Y0(x))
+a(Y2m&1(x)+Y2m&3(x)+ } } } +Y3(x)+Y1(x))
by (5). Comparing coefficients of Y0 , ..., Y2m , we get, for 1 jm,
y2j&1&:m y2j+y2j+1=1, (a) j
y2j&2&:m y2j&1+y2j=a, (b) j
and
y1&(a+:m) y0=1. (c)
Here we have set y2m=y2m+1=0. From (a)m we obtain y2m&1=
1=Y0(:m). This together with (b)m yields y2m&2=a+:m=Y1(:m).
We proceed to compute y2m&(2i+1) and y2m&(2i+2) inductively for i=1, ...,
[m2]&1, having checked that the formulae hold for i=0. Suppose the
formulae hold for i&1, that is,
y2m&(2i&1)=Y0(:m)+Y2(:m)+ } } } +Y2i&2(:m)
and
y2m&2i=Y1(:m)+Y3(:m)+ } } } +Y2i&1(:m).
It then follows from (a)m&i and (b)m&i respectively that
y2m&2i&1=1+:m y2m&2i&y2m&2i+1
=1+:m(Y1(:m)+Y3(:m)+ } } } +Y2i&1(:m))
&(Y0(:m)+Y2(:m)+ } } } +Y2i&2(:m))
=Y0(:m)+Y2(:m)+ } } } +Y2i (:m)
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and
y2m&2i&2=a+:m y2m&2i&1&y2m&2i
=a+:m(Y0(:m)+Y2(:m)+ } } } +Y2i(:m))
&(Y1(:m)+Y3(:m)+ } } } +Y2i&1(:m))
=Y1(:m)+Y3(:m)+ } } } +Y2i+1(:m),
as desired. To compute the remaining yj ’s, we have to distinguish two cases
according to m even or odd. Since the computation is similar, we shall do
the case m even. We have, from i=[m2]&1, that
ym+1=Y0(:m)+Y2(:m)+ } } } +Ym&2(:m)
and
ym=Y1(:m)+ } } } +Ym&1(:m).
Equations (a)m2 and (b)m2 give rise to
ym&1=1+:m ym&ym+1
=1+:m(Y1(:m)+ } } } +Ym&1(:m))
&(Y0(:m)+ } } } +Ym&2(:m))
=Y0(:m)+Y2(:m)+ } } } + m&2(:m)=ym+1 since Ym(:m)=0
and
ym&2=a+:m ym&1&ym
=a+:m(Y0(:m)+Y2(:m)+ } } } +Ym&2(:m))
&(Y1(:m)+ } } } +Ym&1(:m))
=Y1(:m)+Y3(:m)+ } } } +Ym&3(:m)=ym+2.
Again, we prove inductively as before that y2m&(2i+1) and y2m&(2i+2)=y2i+2
for 0i<[m2]. Thus we have determined the coefficients from y2m&1 to y1 .
Finally, we get from (b)1 that
y0=a+:m y1&y2=a+:mY0(:m)&Y1(:m)=0,
which satisfies (c) since y1=Y0(:m)=1.
Observe that Zm(:m)=0, Zm(x)>0 for x>:m and Zm(x)0 for x<:m .
Given =>0, there are positive integers m, m$ and positive constants z, z$
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such that :m , :m$>2&= and the polynomial Z(x)=zZm(x)+z$Zm$(x) has
the following properties:
(11) Z(x)=i0 ziYi (x) is a nonnegative linear combination of
Yi (x),
(12) Z(x)&1 for x2&=,
(13) Z(x)>0 for x2.
Let Q be the maximum of Z(x) on the interval [2&=, M]. Then Q>0. Let
g$, g be the characteristic function of the interval [M$, 2&=) and
[2&=, M], respectively. We have
+G (Z)=:
i
zi+G (Yi )0 since +G (Yi )0 by (10).
On the other hand,
+G (Z)=+G (Z( g$+g))=+G (Zg$)++G (Zg)&1 } +G ( g$)+Q+G ( g).
As +G ( g$)=1&+G ( g), the above two inequalities yield
+G ( g)
1
Q+1
.
Note that +G ( g) is the proportion of eigenvalues * of G satisfying
*&(r&2)(2&=) - q, hence we may choose the constant c to be (1Q+1),
which is independent of G. This completes the proof of Theorem 3.
5. A PROOF OF THEOREM 4
We first give another interpretation of the assumption (V).
Proposition 2. The condition (V) is equivalent to
(VV) For each integer l1, Tr Ul (Gm)|V (Gm)|  0 as m  .
Proof. As each primitive cycle of length 2l in B starting from a vertex in
V(G ) contributes 1 to Tr Ul (G), we see immediately that Tr Ul (G )cl (G ),
the number of primitive cycles of length 2l in B starting at vertices in V(G ).
Hence (VV) implies (V). Conversely, suppose (V) holds. Since a path of
length 2l in B without backtracking and contributing to Tr Ul (G ) is
necessarily a cycle starting at a vertex in V(G), so it contains at least one
primitive cycle of length 2j2l in B starting at a vertex in V(G); further,
such a primitive cycle is contained in at most (l&j+1) ql&j cycles in B
starting at vertices in V(G ) of length 2l and without backtracking, so in B
14 FENG AND LI
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there are at most lj=1 (l&j+1) q
l&j cj (G ) cycles of length 2l without
backtracking and starting at vertices in V(G ). We have shown that
Tr Ul (G ) :
l
j=1
(l&j+1) kl&j cj (G ).
It is then clear that (V) implies (VV).
We proceed to prove Theorem 4 under the assumption (VV). Write +m
for +Gm . As analyzed in Section 3, to show that limit +m exists, we have to
show that limm   +m(Yl ) exists for each l0. From (9) and the definition
of Tl given in (7) we note that, for l1,
ql2+m(Yl )&q(l&1)2+m(Yl&1)=
1
|V(Gm)|
Tr Ul (Gm).
Thus the assumption (VV) implies limm   ql2+m(Yl )&q(l&1)2+m(Yl&1)=0
for l1. Combined with +m(Y0)=1, the above then implies
limm   +m(Yl ) exists and is equal to q&l2 for l0. In other words,
limm   +m exists, denote it by +; and we have +(Yl )=q&l2 for l0. To
compare + with the Sato-Tate measure \ given in (3), we have to compute
+(Xl ). One checks inductively from the definition of Yl that
Xl=Yl&aYl&1+a2Yl&2&a3Yl&3+ } } } +(&a)l Y0 for l0.
Here a=(r&1- q)=(- r&1- d&1). Hence
+(Xl )= :
l
i=0
(&a) i +(Yl&i )= :
l
i=0
(&a) i q&(l&12)
=q&l2
1+(&1) l (aq12)1+l
1+aq12
=
1
r
(q&l2+(r&1)(&a) l ).
We distinguish two cases.
Case I. dr. Then 0<a1, and
:

l=0
+(Xl ) Xl (x)= :

l=0
1
r
Xl (x) q&l2+
r&1
r
:

l=_0
Xl (x)(&a) l
=
1
r
1
1&xq&12+q&1
+
r&1
r
1
1+ax+a2
by (1)
=
1+
r&1
q
\1+1q&
x
- q+\1+
(r&1)2
q
+
r&1
- q
x+
.
We have +=l=0 +(Xl ) Xl (x) \(x)=&, as desired.
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Case II. d<r. Then a>1. Observe
Proposition 3. Let G be a d-regular r-hypergraph with d<r. Then &d
is the smallest eigenvalue of A(G ) with multiplicity (r&dr)|V(G )|.
Proof. Let M be the |V(G)_|E(G )| inclusion matrix with rows indexed
by vertices of G and columns indexed by edges of G, in which ve th entry
is 1 if v/e and zero otherwise. Then MM t=dI+A. As MM t is semi-
positive definite, the eigenvalues of A is &d and the multiplicity of &d
as an eigenvalue of A is the dimension of the null space of MMt. Since
|E(G )|=(dr)|V(G)|<|V(G )| when d<r, we see that the multiplicity of
&d as an eigenvalue is at least the dimension of the null space of M, which
is |V(G )|&|E(G )|=(r&dr)|V(G )|.
Remark. As shown above, the eigenvalues of a d-regular r-hypergraph
is always &d.
By Proposition 3, &d is an eigenvalue of Gm with multiplicity
(r&dr) |V(Gm)|. So the Dirac measure $: , where :=(&d&(r&2))- q,
occurs in +m with coefficient (r&d)r for all m, and hence we expect $:
to occur in the limit measure + with coefficient (r&d)r. Note that
:=
&(d&1)&(r&1)
- q
=&d&1r&1&
r&1
d&1
=&
1
a
&a<&2.
It can be shown inductively that
$:(Xl )=(&1) l
al+2&a&l
a2&1
for l0.
Evaluating +&(r&d)r $: at Xl yields
+(Xl )&
r&d
r
$:(Xl )=
1
r
(q&l2+(d&1)(&a)&l ).
Since |a|&1<1, the same computation as in Case I gives
:

l=0 \+(Xl )&
r&d
r
$:(Xl )+ Xl (x)
=
1
r
:

l=0
Xl (x) q&l2+
d&1
r
:

l=0
Xl (x)(&a)&l
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=
1
r
2
1&
x
- q
+
1
q
+
d&1
r
1
1+
x
a
+
a
a2
=
1
r
1
1+
1
q
&
x
- q
+
r&1
r
1
1+:2+ax
,
which in turn implies +=(r&dr) $:+&, as desired.
6. APPLICATIONS
We shall apply Theorem 4 to a special family of graphs constructed from
quaternion algebras. Fix a prime p. For a prime l{p, denote by Hl the
quaternion algebra over Q ramified only at  and l. Write Dl for the
quotient of the multiplicative group H_l by its center. The following strong
approximation theorem holds for the adelic points in Dl :
Dl (AQ)=Dl (Q) } Dl (R) Dl (Qp)K,
where K=>q{p,  Kq is a compact open subgroup of the restricted
product >q{p,  Dl (Qq) such that the image of K under the reduced
norm map is the product of the group of units in Qq over all finite places
q{p of Q. At the place l where Hl ramifies, we take Kl to be the maximal
compact subgroup of Dl (Ql ); at a place q other then l, p and , Hl splits
so that Dl (Qq) is isomorphic to PGL2(Qq), we shall take
Kq={\ac
b
d+ # GL2(Zq): ordqcn(q)=<center of GL2(Zq)
such that n(q)0 for all q{l, p,  and n(q)=0 for almost all q. Let
N=>q{l, p,  q
n(q) and denote the group K so chosen by B0(l, N ). The
intersection
Dl (Q) & Dl (R) Dl(Qp) B0(l, N )
is a congruence subgroup of Dl (Z[1p]), which we denote by 10
t
(l, N ). By
the strong approximation theorem, the double coset space
X(l, N )=Dl (Q)"Dl (AQ)Dl (R) B0(l, N ) Dl (Zp)
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can be seen locally at p as
X(l, N )=10
t
(l, N )"Dl (Qp)Dl (Zp)
=10
t
(l, N )"PGL2(Qp)PGL2(Zp).
As explained in [S2], PGL2(Qp)PGL2(Zp) has a natural structre as a
( p+1)-regular infinite tree T, which is the universal cover of all ( p+1)-
regular graphs, and 10
t
(l, N ) is a discrete subgroup of PGL2(Qp), which is
the fundamental group of the graph X(l, N )=10
t
(l, N )"T. This graph is
finite since Hl ramifies at , and is ( p+1)-regular, counting possible loops
and multiple edges. The adjacency matrix of X(l, N ) is nothing but the usual
Hecke operator Tp acting on the space of automorphic forms on Dl (AQ) left
invariant by Dl (Q) and right invariant by Dl (R) B0(l, N ) Dl (Zp).
We would like to draw the same conclusion as Corollary 2 for the family
of graphs [X(l, N )] as l tends to infinity. For this purpose, we need to
check the condition (V), or equivalently, the condition (VV) in Proposition
2, Section 5.
Proposition 4. (Serre [S1]) For every n1, 0Tr Un(X(l, 1))
C(n, p), where C(n, p) is a constant depending only on pn and not on l.
Proof. The vertices of X(l, 1) can be interpreted as equivalence classes
of super-singular elliptic curves in characteristic l, and two classes are adja-
cent if and only if they are represented by two elliptic curves isogeneous
of degree p. Thus the trace of Un on X(l, 1) essentially counts the number
of classes of elliptic curves which are self-isogeneous via a cyclic group of
order pn. Such classes are known to be bounded and independent of l.
Consequently, for n1, the number of cycles of length n with no back-
tracking in X(l, 1) is bounded by C(n, p) and is independent of l. Now we
study the number of such cycles in X(l, N ). Note that X(l, N ) is a covering
graph of X(l, 1) with degree equal to the index [10
t
(l, 1) : 10
t
(l, N )]. Each
cycle of length n in X(l, N ) with no backtracking projects to a cycle with
the same properties in X(l, 1). Thus
Tr Un(X(l, N))[10
t
(l, 1) : 10
t
(l, N )] Tr Un(X(l, 1))
and hence
0
Tr Un(X(l, N ))
|X(l, N)|

[10
t
(l, 1) : 10
t
(l, N )] Tr Un(X(l, 1))
[10
t
(l, 1) : 10
t
(l, N )] |X(l, 1)|
=
Tr Un(X(l, 1))
|X(l, 1)|

C(n, p)
|X(l, 1)|
.
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Observe that the numerator of the upper bound is independent of l and N,
while the denominator tends to infinity as l approaches infinity. This shows
that, given a sequence of prime numbers [li ] with li{p, li   as i  ,
and a sequence of positive integers [Ni ] with Ni prime to pli , we have, for
each n1,
cn(X(li , Ni ))
|X(li , Ni )|
 0 as i  .
Hence Corollary 2 holds for the family of graphs [X(li , Ni )] with r=2.
More precisely,
Proposition 5. Let [li ] and [Ni] be as above. Given any real number :,
the multiplicity of : as an eigenvalue of the Hecke operator Tp on the space
A(10
t
(li , Ni )) of automorphic forms on Dli (Q)"Dl i (AQ)Dli (R) Dl i(Zp)
B(li , Ni ) is o( |X(li , Ni )| ) as i  .
Next we analyze the space A(10
t
(li , Ni )). It contains constant functions,
which are eigenfunctions of Tp with eigenvalue p+1. The space
A=(10
t
(li , Ni )) of functions in A(10
t
(li , Ni )) perpendicular to the constant
functions is Tp-invariant and has codimension 1. Further, by the theory of
automorphic forms for GL2 and quaternion groups developed by Jacquet
and Langlands [JL] and the correspondence proved by Gelbart and
Jacquet [GJ], the forms in A=(10
t
(li , Ni )) can be identified with the forms
in the space Cl i (10(liNi ), 2) generated by cusp forms for 10(liNi ) of weight
2 whose underlying automorphic representations of GL2(AQ) have com-
ponents at li being the unramified special representation of GL2(Q l i ).
Therefore, the eigenvalues of Tp on A=(10
t
(li , Ni )) are among the eigen-
values of Tp on the space C(10(li Ni ), 2) of cusp forms for 10(liNi ) of
weight 2. The former Ramanujan-Petersson conjecture, which was proved
by Deligne [D], asserts that the eigenvalues *p of Tp on cusp forms of
weight 2 satisfies
|*p |2 - p.
In particular, only finitely many integer eigenvalues for Tp on
A=(10
t
(li , Ni )) are possible. This combined with Proposition 5 proves
Theorem 6. Let [li] be a sequence of primes {p with li   as i  .
Let [Ni ] be a sequence of positive integers with Ni prime to pli . Then the
dimension of the space A$(10
t
(li , Ni )) generated by eigenforms of Tp in
A=(10
t
(li , Ni )) with integer eigenvalues is o( |X(li , Ni )| ) as i  .
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As for the size of X(li , Ni ), we have
|X(li , Ni )|=dim A(10
t
(li , Ni ))=1+dim A=(10
t
(li , Ni ))
1+dim C(10(liNi ), 2).
On the other hand, dim C(10(liNi ), 2) is the genus of the modular group
10(liNi ), whose dominating term is
1
12
li Ni `
q prime
q | l i Ni
\1+1q+
(cf. [O]). Thus |X(li , Ni )|=O(liNi >q | l iN i (1+(1q))) as i  .
We specialize Theorem 6 to various cases to prove Theorem 5. Firstly,
in the case that Ni=1 for all i, we get Cl i (10(liNi ), 2)=C (10(li ), 2) since
there are no cusp forms of weight 2 for SL2(Z). The first statement of
Theorem 5 follows immediately from Theorem 6. Next consider the case
M=lN with l prime to N. Then by the theory of newforms [AL][L2], the
orthogonal complement of Cl (10(M ), 2) in C(10(M ), 2) is Tp-invariant
and is generated by C(10(N ), 2) and its ‘‘push-up’’ at l, so that
dim C(10(M ), 2)=dim Cl (10(M), 2)+2 dim C (10(N ), 2).
We prime a space of forms to denote its subspace generated by forms
which are eigenfunctions of Tp with integral eigenvalues. Since the push-up
operator at l commutes with Tp , we obtain, from the above formula,
dim C$(10(M ), 2)=dim C$l (10(M), 2)+2 dim C$(10(N ), 2)
=dim A$(10
t
(l, N ))+2 dim C$(10(N ), 2).
As discussed before,
dim C$(10(N), 2)dim C(10(N ), 2)<<N `
q | N \1+
1
q+
so that
2 dim C$(10(N), 2)<<M `
q | M \1+
1
q+ }
2
l+1
.
Now let M=Mi=liNi with li   when i  . By Theorem 6,
dim A$(10
t
(li , Ni ))=o \Mi `q | M i \1+
1
q++
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and so is 2 dim C$(10(Ni ), 2) by the above analysis, therefore
dim C$(10(Mi ), 2)=o \Mi `q | M i \1+
1
q++
as i  . If M$i s have bounded number of prime factors, then
>q | Mi (1+(1q)) is bounded; otherwise, >q | M i (1+(1q)) is O(ln ln Mi )
(cf. [H, p. 90]), this proves the second statement of Theorem 5.
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